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An Optimal Execution Problem with Market Impact
Takashi Kato ∗
Abstract
We study an optimal execution problem in a continuous-time market model that
considers market impact. We formulate the problem as a stochastic control problem and
investigate properties of the corresponding value function. We find that right-continuity
at the time origin is associated with the strength of market impact for large sales, oth-
erwise the value function is continuous. Moreover, we show the semi-group property
(Bellman principle) and characterise the value function as a viscosity solution of the
corresponding Hamilton–Jacobi–Bellman equation. We introduce some examples where
the forms of the optimal strategies change completely, depending on the amount of the
trader’s security holdings and where optimal strategies in the Black–Scholes type mar-
ket with nonlinear market impact are not block liquidation but gradual liquidation, even
when the trader is risk-neutral.
Keywords: Optimal execution, Market impact, Liquidity problems, Hamilton–Jacobi–
Bellman equation (HJB), Viscosity solutions.
1 Introduction
An optimal portfolio management problem was developed in [27], [28] and in other papers.
These classical financial theories assumed that assets in the market are perfectly liquid, but
real markets pose various liquidity risks. For instance, the problem of transaction costs and
the uncertainty of trading.
Another important problem of liquidity is market impact (MI), that is, the effect of trader
investment behaviour on security prices. Such problems are often discussed in the framework
of optimal execution problems, where a trader holds a certain amount of a security and tries
to execute trades within a time horizon. The optimal execution problem considering MI was
first studied in [7] as a minimisation problem of an expected execution cost in a discrete-time
model, and that model was generalised to a mean-variance model in [4] and [18]. A continuous-
time model of the execution problem was studied in [16], [33] and [34] as a singular/impulse
stochastic control problem. Forsyth [13] has also studied the continuous-time model in the
framework of mean-variance analyses and gave a viscosity characterisation of the corresponding
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value functions. An infinite time horizon case is treated in [32]. The optimal execution problem
in the limit-order-book (LOB) model is studied in [1], [2], [3], [14], [15], [31], etc.
Recently, various studies have examined the optimisation problem with MI, but a standard
framework has yet to be established. In this paper we develop a mathematical model of optimal
execution. Our model is formulated as a stochastic control problem in the continuous-time
model, which is characterised as the limit of those of the discrete-time models (see Section 7).
We study our optimal execution model by investigating the properties of the corresponding
value function. First we study the continuity of the value function. We find that our value
function is continuous in each parameter except for the time origin, where the right-continuity
at t = 0 is according to the “strength” of MI function. This implies that instantaneous
liquidation of large volume makes no sense when MI for large trade is strong (in a meaning
to be discussed later). Next we show the semi-group property (the Bellman principle) of the
value function. This property is standard in the theory of stochastic control, but a strict proof
is generally difficult. We show the semi-group property of our value function by applying an
argument based on Nisio’s method ([30]).
The semi-group property suggests that the value function is characterised as a viscosity
solution of the corresponding Hamilton–Jacobi–Bellman equation (HJB), which is a nonlinear
second order partial differential equation (PDE). We prove that our value function actually
becomes a viscosity solution of the HJB, and we also show the uniqueness of viscosity solutions
of the HJB under certain mathematical assumptions. Note that the viscosity characterisation
of value functions of stochastic control problems has been broadly studied elsewhere ([12], [29]
and the references therein). Uniqueness (or the comparison principle) of viscosity solutions
of HJB is also well-studied in the theory of nonlinear PDEs (see, for instance, [9], [10]).
Nevertheless, our results are original: we cannot apply the existing results to our model because
of the unboundedness of the control region and the growth conditions of the coefficients (see
Remark 4 for details).
We mainly consider the case where the MI function is convex with respect to execution
volume. Although some empirical studies tell us that the MI function becomes concave ac-
cording to market circumstances (see, for instance, [5]), considering the effect of a convex MI
is interesting and important from a theoretical viewpoint. We give some examples that imply
that a convex MI function makes a trader avoid a block liquidation (selling all of a security at
once) and induce a gradual liquidation (selling over a period of time). As another interesting
result, we find that the forms of a risk-neutral trader in the Black–Scholes type model with a
(log-)quadratic MI function drastically change according to the initial shares of the security
held.
This paper is organised as follows: In Section 2, we introduce our model. In Section 3, we
give our main results. We study properties of our value function, namely continuity, the semi-
group property and the viscosity characterisation. Moreover, we have the uniqueness result
of the viscosity solution of the corresponding HJB when MI is sufficiently strong. In Section
4, we also consider the case where the trader needs to liquidate all holdings of the security.
We show that such a ‘sell-off’ (liquidation) condition does not influence the form of the value
function in our model. In Section 5, we consider some examples of our model. We summarise
this paper in Section 6. In Section 7, we introduce the derivation of our continuous-time model
from the discrete-time models, and we give proofs of our results in Section 8.
2
2 The Model
We now present the details of the model. Let (Ω,F , (Ft)0≤t≤T , P ) be a filtered space that
satisfies the usual conditions (i.e., (Ft)t is right-continuous and F0 contains all P -null sets),
and let (Bt)0≤t≤T be a standard one-dimensional (Ft)t-Brownian motion. Here, T > 0 denotes
the time horizon. For simplicity we assume T = 1.
Suppose that the market consists of one risk-free asset (cash) and one risky asset (a secu-
rity). The price of cash is always 1, which means that the risk-free rate is zero. The price of
the security fluctuates according to a certain stochastic flow, and is influenced by the trader’s
sales. We consider a single trader who has an endowment of Φ0 > 0 shares of a security. This
trader liquidates the shares Φ0 over a time interval [0, 1], but these sales affect the price of the
security.
First, we define trading strategies. We say that a stochastic process (ζr)0≤r≤1 is an admis-
sible execution strategy if (ζr)r ∈ A1(Φ0), where
At(ϕ) =
{
(ζr)0≤r≤t ; (Fr)r-progressively measurable, nonnegative,∫ t
0
ζrdr ≤ ϕ a.s., sup
r,ω
ζr(ω) <∞
}
. (2.1)
The value ζr represents the instantaneous sales (i.e., execution speed) at time r. To avoid
technical difficulties, we do not consider short selling in this paper. Thus ζr is assumed to be
nonnegative. The integral
∫ t
0
ζrdr denotes the cumulative volume of liquidation until time t.
The trader cannot liquidate more of the security than the initial shares held. The inequality∫ 1
0
ζrdr ≤ Φ0 represents such a situation. The boundedness sup
r,ω
ζr(ω) < ∞ has no financial
meaning; the arguments in Section 7 imply that we may consider the continuous-time optimal
execution problem in only the case where trading strategies satisfy this condition (see also
Remark 1 below).
Next we introduce security price fluctuations and define our MI function. Let s0 > 0 be
the initial price and let x0 = log s0. St is the security price at time t and Xt is its log-price,
so Xt = log St. If the trader does not trade, meaning there is no MI, the fluctuation of (Xt)t
is described by the following stochastic differential equation (SDE):{
dXr = σ(Xr)dBr + b(Xr)dr,
X0 = x0,
(2.2)
where b, σ : R −→ R are Borel functions. We assume that b and σ are bounded and Lipschitz
continuous, so there exists a unique solution of (2.2). When the trader liquidates the security
with the liquidation schedule (ζr)r ∈ A1(Φ0), the log-price is influenced by MI. In this case
(Xr)r follows {
dXr = σ(Xr)dBr + b(Xr)dr − g(ζr)dr,
X0 = x0.
(2.3)
Here, g : [0,∞) −→ [0,∞) is our (permanent) MI function, and at time t the log-price
decreases by g(ζt)dt according to the execution speed ζt. We assume that g is non-decreasing
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and continuously differentiable; let
h(ζ) = g′(ζ) (2.4)
be its derivative. Then h represents how MI becomes large when the trading size increases.
In this paper we consider the case where MI function g is convex (not necessarily strictly
convex; g may be assumed to be a linear function); thus h is a non-decreasing function. This
assumption is required to show Theorem 1 below. Moreover, the convexity of g plays an
essential role in our execution problem, in that this property motivates the trader to liquidate
the shares of the security spending time to avoid a huge MI (see Sections 5–6).
Note that the process (Sr)r satisfies{
dSr = σˆ(Sr)dBr + bˆ(Sr)dr − g(ζr)Srdr,
S0 = s0,
(2.5)
where σˆ(s) = sσ(log s) and bˆ(s) = s{b(log s) + σ(log s)2/2}. The existence and uniqueness of
solutions of SDEs (2.3)–(2.5) also hold for each admissible strategy (ζr)r.
The trader’s problem is to choose an admissible strategy to maximise the expected utility
E[u(W1, ϕ1, S1)] for the utility function u ∈ C, where Wt (resp. ϕt) represents the amount of
cash (resp. security) at time t, and C denotes the set of non-decreasing continuous functions
on D = R× [0,Φ0]× [0,∞) such that
u(w, ϕ, s) ≤ Cu(1 + w2 + s2)mu , (w, ϕ, s) ∈ D (2.6)
for some constants Cu > 0 and mu ∈ N (i.e., u has polynomial growth rate). Mathematically,
this problem is characterised by the value function
Vt(w, ϕ, s; u) = sup
(ζr)r∈At(ϕ)
E[u(Wt, ϕt, St)]
subject to
(W0, ϕ0, S0) = (w, ϕ, s) (2.7)
and
dWr = ζrSrdr,
dϕr = −ζrdr, (2.8)
dSr = σˆ(Sr)dBr + bˆ(Sr)dr − g(ζr)Srdr
for t ∈ [0, 1], (w, ϕ, s) ∈ D, and u ∈ C. We remark that V0(w, ϕ, s; u) = u(w, ϕ, s). Also note
that Vt(w, ϕ, s; u) <∞ for any t ∈ [0, 1], (w, ϕ, s) ∈ D and u ∈ C (see Sections 8.1–8.2).
For technical reasons, we allow the security price to take the value 0 (note that bˆ(0) and
σˆ(0) are defined as 0). When s > 0, we can obviously rewrite
Vt(w, ϕ, s; u) = sup
(ζr)r∈At(ϕ)
E[u(Wt, ϕt, St)]
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subject to (2.7) and
dWr = ζr exp(Xr)dr,
dϕr = −ζrdr, (2.9)
dXr = σ(Xr)dBr + b(Xr)dr − g(ζr)dr,
Sr = exp(Xr).
For convenience, we denote a triplet (Wr, ϕr, Sr)0≤r≤t of (2.7), (2.8) by Ξt(w, ϕ, s; (ζr)r), and
(Wr, ϕr, Xr)0≤r≤t of (2.7), (2.9) by ΞXt (w, ϕ, s; (ζr)r).
Note that a trader whose execution strategy is in At(ϕ) is permitted to leave shares of the
security unsold, and there will be no penalty if the trader cannot finish the liquidation within
the time horizon. In Section 4, we consider a case when the trader must finish the liquidation.
Remark 1. The definition of Vt(w, ϕ, s; u) originates from a convergence theorem for value
functions of optimal execution problems from discrete-time to continuous-time models. As
pointed out in [21], in constructing a mathematical model of a financial problem, the discrete-
time model, on the one hand, significantly describes realistic phenomena exactly, but some-
times it is hard to get a clean model due to complex noise. The continuous-time model, on the
other hand, often makes problems clear, but the superficial construction of continuous-time
models may overlook the essence of the problem. Therefore, it is meaningful to construct an
adequate model by the following procedures: we first considered a discrete-time model of an
optimal execution problem with MI, and then derived a continuous-time model as the limit. In
fact, our value function Vt(w, ϕ, s; u) is derived in such a way from given discrete-time models.
Please refer to Section 7 for details.
Remark 2. MI can be divided into two parts: a permanent impact and a temporary impact
(see [4] and [17]). As time passes, the temporary impact disappears and the transitorily
depressed price recovers. Our MI function g(ζ) corresponds to the permanent impact.
We can define a value function of the optimal execution problem with both permanent and
temporary MI in a continuous-time model such as
Vˆt(w, ϕ, s; u) = sup
(ζr)r∈At(ϕ)
E[u(Wt, ϕt, St)]
s.t. dWr = ζr exp(Xr − g˜(ζr))dr,
dϕr = −ζrdr,
dXr = σ(Xr)dBr + b(Xr)dr − g(ζr)dr,
Sr = exp(Xr),
(W0, ϕ0, S0) = (w, ϕ, s),
where g˜(ζ) denotes the temporary MI function. We can also show continuity of this value
function in w, ϕ and s. However, constructing a discrete-time version of the problem is difficult
due to technical reasons. Moreover, the Bellman principle (Theorem 2 in the next section)
is proved by Nisio’s method, which is based on a discrete-time approximation of the value
function. Since Theorem 2 plays an essential role in proving Theorem 1 (especially continuity
in t) and Theorems 3 and 4, we cannot sufficiently study the properties of our value function
when there is temporary MI. In this paper, therefore, we treat only permanent MI functions.
For further comments, see Section 6.
5
3 Main Results
Next we present the main results of this paper. First we introduce the result of the
continuity of Vt(w, ϕ, s; u). Here we denote h(∞) = lim
ζ→∞
h(ζ) for brevity.
Theorem 1. Let u ∈ C.
(i) If h(∞) =∞, then Vt(w, ϕ, s; u) is continuous in (t, w, ϕ, s) ∈ [0, 1]×D.
(ii) If h(∞) <∞, then Vt(w, ϕ, s; u) is continuous in (t, w, ϕ, s) ∈ (0, 1]×D and Vt(w, ϕ, s; u)
converges to Ju(w, ϕ, s) uniformly on any compact subset of D as t ↓ 0, where
Ju(w, ϕ, s) =


sup
ψ∈[0,ϕ]
u
(
w +
1− e−h(∞)ψ
h(∞) s, ϕ− ψ, se
−h(∞)ψ
)
(h(∞) > 0)
sup
ψ∈[0,ϕ]
u(w + ψs, ϕ− ψ, s) (h(∞) = 0).
We prove Theorem 1 in Section 8.4. As we can see, continuity in t at the origin depends
on the state of the function h at infinity. When h(∞) =∞, MI of large sales is strong enough
(g(ζ) diverges rapidly with ζ → ∞) to make a trader avoid instantaneous liquidation. An
optimal policy is ‘no-trading’ in an infinitesimal time; thus, Vt converges to u as t ↓ 0. When
h(∞) < ∞, the value function is not always continuous at t = 0 and has the right limit
Ju(w, ϕ, s). In this case, MI for large sales is not as strong (g(ζ) diverges, but the divergence
speed is slow) and there is room for successful liquidation in the infinitesimal time. The
function Ju(w, ϕ, s) corresponds to the utility of liquidation by a trader who sells a part of
the shares of a security ψ by dividing infinitely within an infinitely short time (such that the
fluctuation of the security price is negligible) and who is left with the amount ϕ− ψ, that is,
ζδr =
ψ
δ
1[0,δ](r), r ∈ [0, t] (δ ↓ 0). (3.1)
Such a strategy is also discussed in [26]. We remark that the form of Ju is strongly related to
Theorem 3 in [26] (see Theorem 2 in Section 4 for more details). Also note that the condition
h(∞) = 0 corresponds to the classical case of no MI model.
Next we study the semi-group property (the Bellman principle) of the family of nonlinear
operators corresponding with the continuous-time value function. We define an operator
Qt : C −→ C by Qtu(w, ϕ, s) = Vt(w, ϕ, s; u). Here the arguments in Sections 8.1–8.2 imply
that Qt is well-defined. We now have the following theorem.
Theorem 2. For each r, t ∈ [0, 1] with t + r ≤ 1, (w, ϕ, s) ∈ D and u ∈ C it holds that
Qt+ru(w, ϕ, s) = QtQru(w, ϕ, s).
The proof is given in Section 8.3. Using Theorem 2, we can characterise the continuous-time
value function as the viscosity solution of the corresponding HJB. Since the value functions
are defined in a way that does not depend on Φ0, we can take them to be defined on an
extended domain Dˆ = R× [0,∞)× [0,∞). Let u(w, ϕ, s) : Dˆ −→ R be such that u is a non-
decreasing continuous function that grows polynomially in w, ϕ and s. We define a function
F : S −→ [−∞,∞) by
F (z, p,X) = − sup
ζ≥0
{
1
2
σˆ(zs)
2Xss + bˆ(zs)ps + ζ (zspw − pϕ)− g(ζ)zsps
}
,
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where S = Uˆ ×R3× S3, Uˆ = Dˆ \ ∂Dˆ, S3 is the space of symmetric matrices in R3⊗R3, and
z =

 zwzϕ
zs

 ∈ D, p =

 pwpϕ
ps

 ∈ R3, X =

 Xww Xwϕ XwsXϕw Xϕϕ Xϕs
Xsw Xsϕ Xss

 ∈ S3.
Although the function F approach −∞, we can define a viscosity solution of the following
HJB as usual (see, e.g., [12], [23] and [29]):
∂
∂t
v + F (z,Dv,D2v) = 0 on (0, 1]× Uˆ , (3.2)
where D denotes the differential operator with respect to z = (w, ϕ, s). Here, we remark that
(3.2) can be rewritten as
∂
∂t
v(t, w, ϕ, s)− sup
ζ≥0
L
ζv(t, w, ϕ, s) = 0, (t, w, ϕ, s) ∈ (0, 1]× Uˆ , (3.3)
where
L
ζv(t, w, ϕ, s) =
1
2
σˆ(s)2
∂2
∂s2
v(t, w, ϕ, s) + bˆ(s)
∂
∂s
v(t, w, ϕ, s)
+ζ
(
s
∂
∂w
v(t, w, ϕ, s)− ∂
∂ϕ
v(t, w, ϕ, s)
)
− g(ζ)s ∂
∂s
v(t, w, ϕ, s).
Now we state the following theorem, which is proved in Section 8.6.
Theorem 3. Assume that h is strictly increasing and h(∞) =∞. Moreover, assume
lim inf
ε↓0
Vt(w, ϕ, s+ ε; u)− Vt(w, ϕ, s; u)
ε
> 0 (3.4)
for any t ∈ (0, 1] and (w, ϕ, s) ∈ Uˆ . Then Vt(w, ϕ, s; u) is a viscosity solution of (3.2).
This theorem tells us that when h(∞) = ∞ (MI is strong), our value function is charac-
terised by the corresponding HJB (3.2).
Remark 3. It is quite natural that the value function is increasing with respect to the under-
lying security price, and we can easily prove that Vt(w, ϕ, s; u) is non-decreasing in s. Then it
follows that
lim inf
ε↓0
Vt(w, ϕ, s+ ε; u)− Vt(w, ϕ, s; u)
ε
≥ 0.
The inequality (3.4) is stricter than the one above, and is needed to prove our characteri-
sation result (Theorem 3) because of technical reasons related to when F = −∞ occurs. Note
also that in many cases we may easily show that the value function is strictly increasing in
s, that is, Vt(w, ϕ, s+ ε; u)− Vt(w, ϕ, s; u) > 0 for ε > 0. Nevertheless, this does not directly
indicate (3.4). Here, we present a sufficient condition for (3.4).
[C1] u(w, ϕ, s) = U(w) for some U ∈ C1(R). Moreover, U is concave and U ′(w) ≥ δ, w ∈ R
for some δ > 0.
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[C2] Coefficients b and σ in (2.3) are differentiable and their derivatives are Lipschitz con-
tinuous and uniformly bounded.
Then we can show the following proposition:
Proposition 1. Assume [C1]–[C2]. Then the inequality (3.4) holds.
The proof is in Section 8.5. Note that the conditions [C1]–[C2] are satisfied in typical
cases. [C1] corresponds to the risk-averse (or risk-neutral) trader, which is standard in finance.
[C1] further requires that the utility function depends only on the cash holdings w, but this
assumption is also mild and standard (especially when we consider the sell-off condition, which
will be discussed in Section 4). [C2] is satisfied in typical cases, such as the Black–Scholes
model: In Section 5, we will treat such an example when the trader is risk-neutral.
Finally, we give the uniqueness result of viscosity solutions of (3.3).
Theorem 4. Assume that σˆ and bˆ are both Lipschitz continuous. Assume the hypotheses of
Theorem 3 and that lim inf
ζ→∞
(h(ζ)/ζ) > 0. If a polynomial growth function v : [0, 1]× Dˆ −→ R
is a viscosity solution of (3.3) and satisfies the boundary conditions
v(0, w, ϕ, s) = u(w, ϕ, s), (w, ϕ, s) ∈ Dˆ,
v(t, w, 0, s) = E [u (w, 0, Zt(s))] , (t, w, s) ∈ [0, 1]× R× [0,∞),
v(t, w, ϕ, 0) = u(w, ϕ, 0), (t, w, ϕ) ∈ [0, 1]× R× [0,∞),
(3.5)
then Vt(w, ϕ, s; u) = v(t, w, ϕ, s), where
Zt(s) = exp (Yt(log s)) (s > 0), 0 (s = 0) (3.6)
and Yt(x) is the solution of SDE (2.2) replacing x0 with x, that is, where Zt(s) represents the
price of the security with no MI.
The proof of Theorem 4 is given in Section 8.7. This theorem guarantees the uniqueness
of viscosity solutions of (3.3) when the divergence speed of g(ζ) with ζ → ∞ is greater than
or equal to a quadratic function, that is, when g(ζ) ≥ Cζ2, ζ ≥ M for some C,M > 0. In
Section 5.2, we present an example where the assumptions in Theorems 3 and 4 are fulfilled.
Remark 4. Characterisation of value functions of a stochastic control problem as viscosity
solutions of HJB has been discussed in many papers and textbooks (e.g., [9], [10], [12] and [29]).
Uniqueness results of viscosity solutions of HJB are also well studied. Yet to the best of our
knowledge, the characterisation theorem (Theorem 3) and the uniqueness theorem (Theorem
4) of our HJB (3.2) cannot be derived from the existing literature. The main difficulties are
as follows:
• Our control region [0,∞) is unbounded.
• The drift term bˆ(s)− g(ζ)s does not always satisfy the linear growth condition in s and
ζ . In particular, if h(∞) =∞, then we never get the estimates
|g(ζ)s| ≤ C(1 + ζ + s), |g(ζ)s− g(ζ)s′| ≤ C(1 + ζ)|s− s′|, s, s′, ζ ≥ 0
for any positive constant C.
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Recently, the uniqueness of viscosity solutions of HJB has been studied for unbounded domains
(in our case, Dˆ = R × [0,∞)× [0,∞)) and unbounded control regions (in our case, [0,∞)).
Theorem 2.1 of [10] is one of the most general results of the comparison principle of viscosity
solutions of HJB. However, our HJB does not satisfy conditions (A)(ii)–(iii) in [10]. Thus, we
cannot apply those results, meaning that our results are original in this respect.
4 Sell-Off Condition
In this section we consider the optimal execution problem under the ‘sell-off condition’. A
trader has a certain quantity of shares of a security at some initial time, and must liquidate
all of them within a time horizon. Then the spaces of admissible strategies are reduced to
ASOt (ϕ) =
{
(ζr)r ∈ At(ϕ) ;
∫ t
0
ζrdr = ϕ
}
.
We define a value function with the sell-off condition by
V SOt (w, ϕ, s;U) = sup
(ζr)r∈ASOt (ϕ)
E[U(Wt)]
subject to (2.7)–(2.8) for a continuous, non-decreasing, polynomially growing function U :
R −→ R. This gives the following theorem:
Theorem 1. V SOt (w, ϕ, s;U) = Vt(w, ϕ, s; u), where u(w, ϕ, s) = U(w).
Proof. The relation V SOt (w, ϕ, s;U) ≤ Vt(w, ϕ, s; u) is trivial, so we will show only the as-
sertion V SOt (w, ϕ, s;U) ≥ Vt(w, ϕ, s; u). Take any (ζr)r ∈ At(ϕ) and let (Wr, ϕr, Sr)r =
Ξ1(w, ϕ, s; (ζr)r). Moreover take any δ ∈ (0, t). We define an execution strategy (ζδr )r ∈
ASOt (ϕ) by ζδr = ζr (r ∈ [0, t−δ]), ϕt−δ/δ (r ∈ (t−δ, t]). Let (W δr , ϕδr, Sδr)r = Ξ1(w, ϕ, s; (ζδr)r).
Then we have Wt−δ = W
δ
t−δ ≤ W δt . Thus we get E[U(Wt−δ)] ≤ E[U(W δt )] ≤ V SOt (w, ϕ, s;U).
Letting δ ↓ 0, we have E[U(Wt)] ≤ V SOt (w, ϕ, s;U) by the monotone convergence theorem
(note that U(Wt−δ) ≥ U(w) > −∞). Since (ζr)r ∈ At(ϕ) is arbitrary, we obtain the asser-
tion. 
By Theorem 1, we see that the sell-off condition
∫ t
0
ζrdr = ϕ makes no change in the
(value of the) value function. No such phenomenon is observed in a discrete-time framework;
although the value function in a discrete-time model in Section 7 may depend on whether the
sell-off condition is imposed, in the continuous-time model we need not worry about such a
condition.
When g(ζ) is linear, we can apply the variable reduction method (9′)–(12′) in [26]∗ to
obtain the following:
∗The author thanks Professor N. Touzi for pointing out this reference.
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Theorem 2. Assume g(ζ) = αζ for α > 0.
(i) V SOt (w, ϕ, s;U) = V
ϕ
t
(
w +
1− e−αϕ
α
s, e−αϕs;U
)
, where
V
ϕ
t (w¯, s¯;U) = sup
(ϕ¯r)r∈At(ϕ)
E[U(W¯t)]
s.t. dS¯r = e
−αϕ¯r bˆ(S¯reαϕ¯r)dr + e−αϕ¯r σˆ(S¯reαϕ¯r)dBr,
dW¯r =
eαϕ¯r − 1
α
dS¯r,
S¯0 = s¯, W¯0 = w¯,
and
At(ϕ) =
{(
ϕ−
∫ r
0
ζvdv
)
0≤r≤t
; (ζr)0≤r≤t ∈ ASOt (ϕ)
}
.
(ii) If U is concave and bˆ ≤ 0, then
V SOt (w, ϕ, s;U) = U
(
w +
1− e−αϕ
α
s
)
. (4.1)
A proof is given in Section 8.10. Note that assertion (ii) is the same as Theorem 3 in [26],
and in this case we can get the explicit form of the value function. The right side of (4.1)
equals Ju(w, ϕ, s) for u(w, ϕ, s) = U(w) and the nearly optimal strategy for V SOt (w, ϕ, s;U) =
Vt(w, ϕ, s; u) is given by (3.1).
5 Examples
In this section, we consider two examples of our model. Let b(x) ≡ −µ and σ(x) ≡ σ
for some constants µ, σ ≥ 0 and suppose µ˜ = µ − σ2/2 > 0. We assume that the trader
has a risk-neutral utility function u(w, ϕ, s) = uRN(w, ϕ, s) = w. Note that we can replace
the stochastic control problem Vt(w, ϕ, s; uRN) with the deterministic control problem f(t, ϕ),
where
f(t, ϕ) = sup
(ζr)r∈Adett (ϕ)
f˜(t, ϕ; (ζr)r),
f˜(t, ϕ; (ζr)r) =
∫ t
0
ζr exp
(
−µ˜r −
∫ r
0
g(ζv)dv
)
dr,
Adett (ϕ) = {(ζr)r ∈ At(ϕ) ; (ζr)r is deterministic}.
Indeed,
Proposition 2. Vt(w, ϕ, s; uRN) = w + sf(t, ϕ).
This is proved in Section 8.9. By Proposition 2, we see that
∂
∂s
Vt(w, ϕ, s; uRN) = f(t, ϕ) > 0, t, ϕ > 0,
which implies (3.4).
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5.1 Log-Linear Impact
Set g(ζ) = αζ for α > 0. The following theorem is a direct consequence of Theorem 2(ii).
Theorem 1. It holds that
Vt(w, ϕ, s; uRN) = w +
1− e−αϕ
α
s (5.1)
for all t ∈ (0, 1] and (w, ϕ, s) ∈ D.
The right side of (5.1) converges to w+ϕs as α ↓ 0, which is the profit gained by choosing
the so-called block liquidation execution strategy, that is, by a trader selling all shares ϕ
at t = 0 when there is no MI. Theorem 1 implies that the optimal strategy in this case is
to liquidate all shares, dividing infinitely within an infinitely short time at t = 0. This is
almost the same as a block liquidation at the initial time, and the trader does not delay the
execution time (although MI lowers the profit from the liquidation). Therefore, we cannot see
any essential influence of the MI in this example.
Remark 5. We can also obtain the (nearly) optimal strategies in the cases of µ˜ < 0 and
µ˜ = 0. When µ˜ < 0, the nearly optimal strategy is the (almost) block liquidation at the
terminal time. When µ˜ = 0, each strategy in ASOt (ϕ) makes the same profit: in other words,
all the strategies in ASOt (ϕ) are optimal.
5.2 Log-Quadratic Impact
In this subsection we consider the case of a strictly convex MI function. Set g(ζ) = αζ2 for
α > 0. Note that h(ζ)/ζ = 2α > 0, and thus the value function in this example is the unique
viscosity solution of (3.2) with boundary conditions (3.5), by Theorems 3 and 4.
As we will see, we can derive the explicit form of an optimal strategy when ϕ is sufficiently
small or large. However, when ϕ is not sufficiently small, such a strategy has unbounded
execution speed and is not subject to At(ϕ). Thus we extend the set of admissible strategies:
A˜t(ϕ) =
{
(ζr)0≤r≤t ; (Fr)r-adapted, ζr ≥ 0,
∫ t
0
ζrdr ≤ ϕ
and sup
(r,ω)∈[0,t−ε]×Ω
ζr(ω) <∞ for all ε ∈ (0, t)
}
,
A˜dett (ϕ) = {(ζr)r ∈ A˜t(ϕ) ; (ζr)r is deterministic}
to allow unbounded execution speed at t. We can see that the value of f(t, ϕ) does not change
by replacing Adett (ϕ) with A˜dett (ϕ). Indeed, for each (ζr)r ∈ A˜dett (ϕ), the integrability of ζr
on [0, t]
(
i.e.
∫ t
0
ζrdr ≤ ϕ <∞
)
, the dominated convergence theorem, and the continuity of
f(t, ϕ) in t (this is obtained by Theorem 1(i) and Proposition 2) imply
f˜(t, ϕ; (ζr)r) = lim
ε→0
f˜(t− ε, ϕ; (ζr)r)
≤ lim
ε→0
f(t− ε, ϕ) = f(t, ϕ). (5.2)
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So we get
f(t, ϕ) = sup
(ζr)r∈A˜dett (ϕ)
f˜(t, ϕ; (ζr)r).
Thus, we can also restrict the set of admissible strategies of Vt(w, ϕ, s; uRN) to A˜dett (ϕ) by
Proposition 2.
We define the functions vˆi(t, w, ϕ, s) and ζˆ ir, i = 1, 2, by
vˆ1(t, w, ϕ, s) = w +
s
√
1− e−2µ˜t
2
√
αµ˜
, ζˆ1r =
√
µ˜
α(1− e−2µ˜(t−r))
and
vˆ2(t, w, ϕ, s) = w +
s
2
√
αµ˜
(1− e−2
√
αµ˜ϕ), ζˆ2r =
√
µ˜
α
1
[0,ϕ
√
α/µ˜]
(r).
Moreover we set
Φˆ1(t) =
arctanh
√
1− e−2µ˜t√
αµ˜
, Φˆ2(t) =
√
µ˜
α
t. (5.3)
Then we have the following theorem:
Theorem 2.
(i) If ϕ ≥ Φˆ1(t), then Vt(w, ϕ, s; uRN) = vˆ1(t, w, ϕ, s) and (ζˆ1r )r is an optimal strategy.
(ii) If ϕ ≤ Φˆ2(t), then Vt(w, ϕ, s; uRN) = vˆ2(t, w, ϕ, s) and (ζˆ2r )r is an optimal strategy.
Proof. Let (Wˆ ir , ϕˆ
i
r, Sˆ
i
r)r = Ξt(w, ϕ, s; (ζˆ
i
r)r) for i = 1, 2. Straightforward calculation shows
that E[Wˆ
i
t ] = vˆ
i(t, w, ϕ, s). Then we have vˆi(t, w, ϕ, s) ≤ Vt(w, ϕ, s; uRN). Since vˆi satisfies
(3.3) at (t, w, ϕ, s), we see that vˆi(t, w, ϕ, s) ≥ Vt(w, ϕ, s; uRN) by Theorem 5.2.1 in [29], thus
fulfilling the assertion. 
This theorem implies that the form of optimal strategies and value functions varies, de-
pending on the amount of the security holdings ϕ. If a trader has a small amount of securities,
then we have case (ii) and the optimal strategy is to sell the entire holdings until the time
ϕ
√
α/µ˜. If a trader has a large amount, then we have case (i) and the trader cannot finish
the selling.
We do not have an explicit form for Vt(w, ϕ, s; uRN) on the whole space, so we try to solve
this example numerically. By Proposition 2, it suffices to consider the numerical calculation
of f(t, ϕ). Moreover, f(t, ϕ) is approximated by fn[nt](ϕ) with large n, where
fnk (ϕ) = sup
(ψnl )l∈An,det(ϕ)
k−1∑
l=0
ψnl exp
(
−µ˜× l
n
− nα
l∑
m=0
(ψnm)
2
)
, (5.4)
An,detk (ϕ) =
{
(ψnl )
k−1
l=0 ⊂ [0, ϕ]k ;
k−1∑
l=0
ψnl ≤ ϕ
}
. (5.5)
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Figure 1: The forms of optimal execution strategies (ζr)r. Horizontal axis is time r. Left:
ϕ = 1. Centre: ϕ = 10. Right: ϕ = 100. In the centre graph, (ζr)r was calculated numerically.
Figure 2: The forms of the amount of security holdings (ϕr)r corresponding to optimal strate-
gies. Horizontal axis is time r. Left: ϕ = 1. Centre: ϕ = 10. Right: ϕ = 100. In the centre
graph, (ϕr)r was calculated numerically.
In fact, the convergence of fn[nt] to ft is given by the same proof as Theorem 1 in Section
7. fnk (ϕ) corresponds to a nonlinear optimisation problem with k variables. We solve it
numerically by the sequential quadratic programming method.
It can be numerically verified that the convergence of fn[nt] takes place before n = 500.
Thus, we set n = 500 below and we regard f 500[500t](ϕ) as a precise approximation of f(t, ϕ). We
set other parameters as w = 0, s = 1, α = 0.01, and µ˜ = 0.05.
0
0.2
0.4
0.6
0.8
1
t
0
5
10
15
20
φ
0
1
2
3
4
5
6
7
f(t,φ)
Figure 3: The form of the function f(t, ϕ).
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(c)
Figure 4: The region of pairs (t, ϕ). The region
(a) (resp. (c)) corresponds to Theorem 2 (i)
(resp. (ii)).
Figure 1 describes the form of the execution strategies and Figure 2 describes the form of
the corresponding processes of the amount of a security with ϕ = 1, 10, and 100. We also get
the form of the function f(t, ϕ) of Proposition 2 numerically, as described in Figure 3. If a
pair (t, ϕ) is in the range (a) of Figure 4, then we have f(t, ϕ) =
√
1− e−2µ˜t/(2
√
αµ˜), and if
(t, ϕ) is in the range (c), we have f(t, ϕ) = (1− e−2
√
αµ˜ϕ)/(2
√
αµ˜). We have not had the form
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of f(t, ϕ) analytically when (t, ϕ) is in the range (b).
Note that in case (i) we can also construct a nearly optimal strategy with the sell-off
condition. Let ζˆ1,δr = ζˆ
1
r (r ≤ t− δ), (ϕ− ϕˆt−δ)/δ (t− δ < r ≤ t), where
ϕˆt−δ =
arctanh
√
1− e−2µ˜t − arctanh√1− e−2µ˜δ√
αµ˜
.
Then (ζˆ1,δr )r ∈ ASOt (ϕ) and the corresponding expected profit E[Wˆ δt ] converges to Vt(w, ϕ, s; uRN)
as δ → 0.
6 Concluding Remarks
In this paper we studied the optimal execution problem when MI is considered. We mainly
considered the case where the MI function is convex. This was done for both mathematical
and financial reasons. In a Black–Scholes type market, the optimal execution strategy of a
risk-neutral trader is block liquidation when there is no MI. As we saw in Section 5, the form
of the optimal strategy changes when MI is log-quadratic. In contrast, when MI is not convex,
and especially when it is log-linear, the trader’s optimal strategy is almost block liquidation.
In the real market, however, many traders take their time selling, despite recognition that
the MI is concave. One reason may be that the trader has a risk-averse utility function.
We surmise another reason: the existence of a temporary (or transient) impact (see Remark
2). Our examples treat only permanent impact, but we can also consider the case where MI
disappears as time passes by price recovery effects: if the process of security prices follows
some mean-reverting process, such as an Ornstein–Uhlenbeck process, then we may deal with
the optimisation problem with MI and price recovery. We study such a case in [22].
It is also meaningful to characterise the value function as the solution of the corresponding
HJB. We have shown that the value function is a viscosity solution under some strong assump-
tions. Such assumptions would not be necessary if we considered only bounded strategies, but
the control region of our model is unbounded. We avoid this difficulty by supposing (3.4)
which is satisfied in financially natural settings.
In trading operations, the trader should execute trades while considering fluctuations of
the price of other assets (e.g., rebalancing an index fund). In [19], a multidimensional version
of this model was studied to consider such a case. However, in the case of rebalancing, it is
necessary to consider not only selling securities but also buying them. We should carefully
formulate models of optimal execution so that no trader gets a free lunch when MI is large.
The complete solution of our example in Section 5.2 is another remaining task. This is a
representative example where a trading policy is strongly influenced by MI, and it would be
interesting to solve this completely in future research.
7 Appendix A: Derivation of the Continuous-TimeModel
from the Discrete-Time Models
Here we construct a discrete-time model of an optimal execution with time interval 1/n
(n = 1, 2, 3, . . .). As in Section 2, we prepare a filtered space (Ω,F , (Ft)0≤t≤1, P ) satisfying the
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usual condition and a one-dimensional (Ft)t-Brownian motion (Bt)t. We assume that there
are cash and a security and that the risk-free rate is equal to zero (i.e., the price of cash is 1).
We consider a single trader who has ϕ shares of the security at the initial time and tries to
sell them.
Now we consider the situation of trading at each execution time t = 0, 1/n, 2/n, . . . , and
describe the effect of the trader’s liquidation. For l = 0, . . . , n, we denote by Snl the price
of the security at time l/n and Xnl = log S
n
l . Let s > 0 be the initial price (i.e., S
n
0 = s)
and Xn0 = log s. If the trader sells ψ
n
l at time l/n, the log-price changes to X
n
l − gn(ψnl ),
where gn : [0,∞) −→ [0,∞) is a non-decreasing and continuously differentiable function
which satisfies gn(0) = 0. The function gn denotes the MI function in the discrete-time model:
gn(ψ
n
l ) implies the impact of the liquidation of ψ
n
l shares for the log-price of the security.
So the security price Snl decreases to S
n
l exp(−gn(ψnl )) by the liquidation. Then the trader
gets ψnl S
n
l exp(−gn(ψnl )) in cash as the proceeds of the liquidation. Thus, if we denote by
W nl (resp. ϕ
n
l ) the amount of the cash holdings (resp. security holdings), then we have the
following relations
W nl+1 = W
n
l + ψ
n
l S
n
l exp(−gn(ψnl )), ϕnl+1 = ϕnl − ψnl . (7.1)
The former means the increase of the cash holdings and the latter means the decrease of the
security holdings.
After trading at time l/n, Xnl+1 and S
n
l+1 are given by
Xnl+1 = Y
( l + 1
n
;
l
n
,Xnl − gn(ψnl )
)
, Snl+1 = exp(X
n
l+1), (7.2)
where Y (t; r, y) is the solution of the SDE{
dY (t; r, y) = σ(Y (t; r, y))dBt + b(Y (t; r, y))dt, t ≥ r,
Y (r; r, y) = y.
(7.3)
Note that if the trader makes no liquidation, then the unaffected log-price Xnl coincides with
Y (l/n; 0, x). The first equation of (7.2) describes the fluctuation of the log-price as time passes
from l/n (with the affected log-price Xnl − gn(ψnl )) to (l + 1)/n.
Here we give a class of our execution strategies. Let Ank(ϕ) be the set of strategies (ψnl )k−1l=0
such that ψnl is Fl/n-measurable, ψnl ≥ 0 for any l = 0, . . . , k − 1, and
k−1∑
l=0
ψnl ≤ ϕ. We call
Ank(ϕ) the set of admissible strategies. An admissible strategy is the sequence of random
variables (liquidation volumes) (ψnl )l which are constructed by only selling with short-sale
constraint (the trader does not buy and does not sell short).
At the end of the time interval [0, 1] (i.e. 1 = n/n), the trader has the amount of cash W nn
and the amount of the security ϕnn, which are determined by (7.1) for each l = 0, . . . , n − 1
and initial values W n0 = w, ϕ
n
0 = ϕ.
Now we define our value function in the discrete-time model. For (w, ϕ, s) ∈ D, k = 0, . . . , n
and u ∈ C (the definitions of D and C are the same as Section 2), set
V nk (w, ϕ, s; u) = sup
(ψnl )
k−1
l=0 ∈Ank (ϕ)
E[u(W
n
k , ϕ
n
k , S
n
k )], (7.4)
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subject to (7.1) and (7.2) for l = 0, . . . , k− 1 and (W n0 , ϕn0 , Sn0 ) = (w, ϕ, s) when s > 0. In the
case of s = 0, we define V nk (w, ϕ, 0; u) = u(w, ϕ, 0).
Now we assume condition [A]:
[A] lim
n→∞
sup
ψ∈[0,Φ0]
∣∣∣ d
dψ
gn(ψ)− h(nψ)
∣∣∣ = 0.
Recall that h(ζ) = g′(ζ) is a non-negative, non-decreasing, and continuous function (see
Section 2). Under condition [A], we see that εn −→ 0, where
εn = sup
ψ∈(0,Φ0]
∣∣∣gn(ψ)
ψ
− g(nψ)
nψ
∣∣∣. (7.5)
This implies the relation between the MI function in the discrete-time model and the one in
the continuous-time model. The condition [A] roughly means the C1-convergence of gn to g.
Under [A], we can prove the following theorem.
Theorem 1. For any (w, ϕ, s) ∈ D, t ∈ [0, 1] and u ∈ C,
lim
n→∞
V n[nt](w, ϕ, s; u) = Vt(w, ϕ, s; u), (7.6)
where [nt] is the greatest integer less than or equal to nt.
A proof is given in Section 8.8. Theorem 1 implies the convergence of the discrete-time value
function to the continuous-time one. In other words, our model in Section 2 is characterised
as the limit of the discrete-time models.
8 Appendix B: Proofs
8.1 Preliminaries
We introduce some lemmas used to prove our main results.
Lemma 1. For any m ∈ N there is a constant C > 0 depending only on b, σ and m such that
E[Zˆ(s)
m] ≤ Csm, where Zˆ(s) = sup
0≤t≤1
Zt(s) and Zt(s) is defined in Theorem 4.
Proof. We may assume s > 0. By the definition of Zˆ(s), we have
E[Zˆ(s)
m] ≤ sm E[ sup
t∈[0,1]
Z˜t],
where (Z˜t)t is given by Z˜0 = 1 and
dZ˜t = mZ˜tσ
(
1
m
log Z˜t
)
dBt +mZ˜t
{
b
(
1
m
log Z˜t
)
+
m
2
σ
(
1
m
log Z˜t
)2}
dt.
Using Corollary 2.5.10 in [24] for the process (Z˜t)t, we have the assertion. 
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Lemma 2. Let Γk, k ∈ N, be sets, u ∈ C and let (W ik,γ, ϕik,γ, Sik,γ) ∈ D, γ ∈ Γk, k ∈ N,
i = 1, 2, be random variables. Let mu ∈ N be as in (2.6). Suppose
lim
k→∞
sup
γ∈Γk
E[|W 1k,γ −W 2k,γ|+ |ϕ1k,γ − ϕ2k,γ|+ |S1k,γ − S2k,γ|] = 0
and
2∑
i=1
sup
k∈N
sup
γ∈Γk
E[(W
i
k,γ)
4mu + (Sik,γ)
4mu ] <∞. Then
lim
k→∞
sup
γ∈Γk
∣∣E[u(W 1k,γ, ϕ1k,γ, S1k,γ)]− E[u(W 2k,γ, ϕ2k,γ, S2k,γ)]∣∣ = 0.
This lemma is obtained by standard arguments using the Chebyshev inequality and the
uniform continuity of u(w, ϕ, s) on DR for any R > 0, where DR = [−R,R]× [0,Φ0]× [0, R].
Using the Burkholder–Davis–Gundy inequality and the Ho¨lder inequality, we have the
following lemma:
Lemma 3. Let t ∈ [0, 1], ϕ ≥ 0, x ∈ R, (ζr)0≤r≤t ∈ At(ϕ) and let (Xr)0≤r≤t be given by (2.3)
with X0 = x. Then there is a constant C > 0 depending only on b and σ, such that
E
[
sup
r∈[r0,r1]
∣∣∣Xr −Xr0 +
∫ r
r0
g(ζv)dv
∣∣∣4] ≤ C(r1 − r0)2, 0 ≤ r0 ≤ r1 ≤ t.
Lemma 4. Let t ∈ [0, 1], ϕ ≥ 0, x ∈ R, (ζr)0≤r≤t, (ζ ′r)0≤r≤t ∈ At(ϕ) and suppose (Xr)0≤r≤t
(resp., (X ′r)0≤r≤t) is given by (2.3) with (ζr)r (resp., (ζ
′
r)r) and X0 = x ≤ X ′0. Suppose ζr ≤ ζ ′r
for any r ∈ [0, t] almost surely. Then Xr ≥ X ′r for any r ∈ [0, t] almost surely. In particular,
we have exp(Xr) ≤ Zˆ(ex).
This lemma is obtained by the same arguments as in the proof of Proposition 5.2.18 in
[20]. Lemmas 1 and 4 imply
Lemma 5. For t ∈ [0, 1] and u ∈ C, Vt(w, ϕ, s; u) is non-decreasing in w, ϕ and s, and has
polynomial growth rate with respect to w and s.
8.2 Strategy-Restricted Value Functions
We prepare strategy-restricted value functions to prove Theorems 1 and 2. For L > 0, we
define
ALt (ϕ) = {(ζr)0≤r≤t ∈ At(ϕ) ; sup
r,ω
|ζr(ω)| ≤ L},
V Lt (w, ϕ, s; u) = sup
(ζr)r≤t∈ALt (ϕ)
E[u(Wt, ϕt, St)].
We easily see that Vt(w, ϕ, s; u) = sup
L>0
V Lt (w, ϕ, s; u).
Now we consider the continuity of V Lt (w, ϕ, s; u). Our purpose here is to prove the following
proposition:
Proposition 3. V Lt (w, ϕ, s; u) is continuous with respect to (t, w, ϕ, s) ∈ [0, 1]×D.
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To prove Proposition 3, we prove the following lemmas:
Lemma 6. For any (w, ϕ, s) ∈ D and t ∈ [0, 1]
lim
(w′,ϕ′,s′)→(w,ϕ,s)
sup
L>0
|V Lt (w′, ϕ′, s′; u)− V Lt (w, ϕ, s; u)| = 0.
Proof. Let R > 0 and (w, ϕ, s), (w′, ϕ′, s′) ∈ DR. We may assume s′ > 0. Take any (ζr)r≤t ∈
ALt (ϕ). Let ρ = inf{r > 0 ;
∫ r
0
ζvdv > ϕ ∧ ϕ′} ∧ t and ζ ′r = ζr1{r≤ρ}. Then (ζ ′r)r≤t ∈ ALt (ϕ′).
Let (Wr, ϕr, Sr)r≤t = Ξt(w, ϕ, s; (ζr)r) and (W ′r, ϕ
′
r, S
′
r)r≤t = Ξt(w
′, ϕ′, s′; (ζ ′r)r). Moreover, let
us define (S˜ ′r)r≤t by
dS˜ ′r = σˆ(S˜
′
r)dBr + bˆ(S˜
′
r)dr − g(ζr)S˜ ′rdr, S˜ ′0 = s′.
Then Lemma 4 implies S ′r ≥ S˜ ′r for any r ∈ [0, t] almost surely. Thus
E[u(Wt, ϕt, St)]− Vt(w′, ϕ′, s′; u) ≤ E[|u(Wt, ϕt, St)− u(W ′t , ϕ′t, S˜ ′t)|]. (8.1)
By a simple calculation we get
|Wt −W ′t | ≤ |w − w′|+ Zˆ(s)|ϕ− ϕ′|+ Φ0 sup
r∈[0,t]
|Sr − S˜ ′r|
and |ϕt − ϕ′t| ≤ |ϕ− ϕ′|. Moreover, Theorem 3.2.7 in [29] and Lemma 1 imply
E[ sup
r∈[0,t]
|Sr − S˜ ′r|] ≤
{
C0s
′ (s = 0)
C0| log s− log s′| (s > 0)
for some C0 > 0 depending on only b, σ and R. Then we obtain
sup
L>0
sup
(ζr)r∈ALt (ϕ)
E[|u(Wt, ϕt, St)− u(W ′t , ϕ′t, S˜ ′t)|] −→ 0 (8.2)
as (w′, ϕ′, s′)→ (w, ϕ, s) by Lemma 2. Now (8.1) and (8.2) imply
lim
(w′,ϕ′,s′)→(w,ϕ,s)
sup
L>0
(V Lt (w, ϕ, s; u)− V Lt (w′, ϕ′, s′; u)) ≤ 0.
A similar argument gives us
lim
(w′,ϕ′,s′)→(w,ϕ,s)
sup
L>0
(V Lt (w
′, ϕ′, s′; u)− V Lt (w, ϕ, s; u)) ≤ 0.
This establishes the assertion. 
Lemma 7. For any compact set E ⊂ D,
lim sup
r↑t
sup
L>0
sup
(w,ϕ,s)∈E
(V Lr (w, ϕ, s; u)− V Lt (w, ϕ, s; u)) ≤ 0, t ∈ (0, 1],
lim sup
t↓r
sup
L>0
sup
(w,ϕ,s)∈E
(V Lr (w, ϕ, s; u)− V Lt (w, ϕ, s; u)) ≤ 0, r ∈ [0, 1).
18
Proof. Let r, t ∈ [0, 1] with r < t. Lemmas 2 and 3 imply
sup
L>0
sup
(w,ϕ,s)∈E
sup
(ζv)v∈ALr (ϕ)
E[|u(Wr, ϕr, exp(Xr))]− u(W˜t, ϕ˜t, exp(X˜t))|] −→ 0
as r ↑ t and t ↓ r, where (Wv, ϕv, Xv)v = ΞXr (w, ϕ, s; (ζv)v), (W˜v, ϕ˜v, X˜v)v = ΞXt (w, ϕ, s; (ζ˜v)v)
and ζ˜v = ζv1[0,r](v) for (ζr)r ∈ ALt (ϕ). This implies the assertions. 
Similar arguments give us the following lemma:
Lemma 8. For any L > 0 and compact set E ⊂ D,
lim sup
r↑t
sup
(w,ϕ,s)∈E
(V Lt (w, ϕ, s; u)− V Lr (w, ϕ, s; u)) ≤ 0, t ∈ (0, 1],
lim sup
t↓r
sup
(w,ϕ,s)∈E
(V Lt (w, ϕ, s; u)− V Lr (w, ϕ, s; u)) ≤ 0, r ∈ [0, 1).
By Lemmas 6–8, we obtain Proposition 3. We remark that Lemma 5 and Proposition 3
imply V Lt (·; u), Vt(·; u) ∈ C.
We introduce a version of Theorem 1, which will be used to prove Theorem 2 in the next
section. Set
An,Lk (ϕ) = {(ψl)k−1l=0 ∈ Ank(ϕ) ; ψl ≤ L/n, l = 0, . . . , k − 1},
V n,Lk (w, ϕ, s; u) = sup
(ψl)
k−1
l=0 ∈An,Lk (ϕ)
E[u(W
n
k , ϕ
n
k , S
n
k )].
Note that V nk (w, ϕ, s; u) = sup
L>0
V n,Lk (w, ϕ, s; u). By similar arguments as in Section 8.8, we see
that
Proposition 4. For any L > 0, t ∈ [0, 1] and u ∈ C, the convergence
lim
n→∞
V n,L[nt] (w, ϕ, s; u) = V
L
t (w, ϕ, s; u).
holds uniformly on any compact subset of D.
8.3 Proof of Theorem 2
We apply Nisio’s method ([30]) to show Theorem 2. We define the operators QLt : C −→ C
and Qn,Lt : C −→ C by QLt u(w, ϕ, s) = V Lt (w, ϕ, s; u) and Qn,Lt u(w, ϕ, s) = V 2
n,L
[2nt] (w, ϕ, s; u).
We see that QLt and Q
n,L
t are well defined by the results in Section 8.2 and the standard
arguments of discrete-time dynamic programming theory (see [6] for instance). First we show
QLt+ru(w, ϕ, s) = Q
L
t Q
L
r u(w, ϕ, s) (8.3)
for any t, r ∈ I with t+r ≤ 1, where I = {k/2l ; k, l ∈ Z+}∩ [0, 1]. Let n ∈ N be large enough
so that 2nt, 2nr ∈ Z+. By the Bellman equation of the discrete-time case ([6]), we have
Qn,Lt+ru(w, ϕ, s) = Q
n,L
t Q
n,L
r u(w, ϕ, s). (8.4)
By Proposition 4, we see that the left side of (8.4) converges to that of (8.3) as n → ∞ for
any t, r ∈ I. The following proposition will give the convergence of the right side.
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Proposition 5. Let un, u ∈ C be utility functions satisfying (2.6) for some Cu and mu.
Assume that un converges to u uniformly on any compact subset of D as n→∞. Then
lim
n→∞
sup
k=0,...,n
|V n,Lk (w, ϕ, s; un)− V n,Lk (w, ϕ, s; u)| = 0, (w, ϕ, s) ∈ D.
Proof. Take any R > 0. Then
|V n,Lk (w, ϕ, s; un)− V n,Lk (w, ϕ, s; u)|
≤ sup
(w′,ϕ′,s′)∈DR
|un(w′, ϕ′, s′)− u(w′, ϕ′, s′)|+ C0
R
by Lemma 1 and the Chebyshev inequality, where C0 > 0 depends only on b, σ, Cu, mu and
(w, ϕ, s). Now we get the assertion by letting n→∞ and R→∞. 
Using Proposition 5 and the uniform convergence of Qn,Lr u to Q
L
r u on any compact set,
we see that the right side of (8.4) converges to that of (8.3). Moreover, Proposition 3 implies
that (8.3) also holds for any t, r ∈ [0, 1]. Now Theorem 2 is obtained from (8.3), the relation
Qtu(w, ϕ, s) = sup
L>0
QLt u(w, ϕ, s), and a similar calculation to the proof of Proposition 4 in
[30]. 
8.4 Proof of Theorem 1
We now prove Theorem 1. First we consider the right-continuity at t = 0 when h(∞) =∞.
Lemma 9. Assume h(∞) =∞. Then for any t ∈ [0, 1] and (ζr)0≤r≤t ∈ At(ϕ),∫ r
0
exp
(
−
∫ v
0
g(ζv′)dv
′
)
ζvdv ≤ φ(r), r ∈ [0, t], (8.5)
where φ(r), r ∈ (0, 1], is a continuous function, depending only on function h(ζ) and Φ0, such
that lim
r→0
φ(r) = 0.
Proof. Let pir =
∫ r
0
g(ζv)dv and τR = inf{v ∈ [0, r] ; piv > R} ∧ r for r ∈ (0, t] and R > 0.
Then we have∫ r
0
exp(−piv)ζvdv ≤
∫ τR
0
ζvdv +
∫ r
τR
e−Rζvdv ≤
∫ τR
0
ζvdv + Φ0e
−R
for r ∈ (0, t] and R > 0. Since g(ζ) is convex, the Jensen inequality implies∫ τR
0
ζvdv ≤ rg−1
(1
r
∫ r
0
g(ζv1[0,τR])dv
)
≤ rg−1
(1
r
∫ τR
0
g(ζv)dv
)
≤ rg−1(R/r),
where g−1(y) = sup{ζ ∈ [0,∞) ; g(ζ) = y}, y ≥ 0. The function g−1(y) is well defined at any
y ≥ 0 and continuous for large y.
If we can find a positive function R(r) that satisfies
R(r) −→∞ and rg−1(R(r)/r) −→ 0 as r → 0, (8.6)
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then we obtain (8.5) by letting φ(r) = rg−1(R(r)/r)+Φ0 exp(−R(r)). To construct such R(r),
let us define a function f(ζ), ζ ≥ 0, by f(ζ) = ζ
√
h(ζ/2). Then f(ζ) is continuous, strictly
increasing for large y and satisfies f(0) = 0 and lim
ζ→∞
f(ζ) = ∞. Thus f(ζ) has an inverse
function f−1(y) on [0,∞) such that f−1(0) = 0, lim
y→∞
f−1(y) = ∞, and f−1(y) is continuous
for large y. So we can put M(r) = f−1(1/r) and R(r) = rg(M(r)) for r ∈ (0, 1]. Then we see
that M(r), R(r) −→∞ as r → 0 and that
R(r) ≥ r
∫ M(r)
M(r)/2
h(ζ)dζ ≥ rM(r)h(M(r)/2)
2
=
√
h(M(r)/2)
2
−→∞
as r → 0. Moreover, we have
rg−1(R(r)/r) = rM(r) =
1√
h(M(r)/2)
−→ 0, r → 0.
Then we obtain (8.6) and thus the assertion. 
Remark 6. The above construction of R(r) is somewhat artificial. Here, we give an image of
the above proof. To make the situation simple, we consider only the case of h(ζ) = Cζα for
some C, α > 0. Then we have g−1(y) = Const.× ζ1/(1+α) and
φ(r) = Const.× {(rαR(r))1/(1+α) + exp(−R(r))}.
If we put R(r) = r−β with β > 0, then we observe
φ(r) = Const.× {r(α−β)/(1+α) + exp(−r−β)},
which converges to 0 as r → 0 when 0 < β < α. In the proof of Lemma 9, β was set as
α/(2 + α).
In the general case, the construction of R(r) becomes a little complicated, and we need
the auxiliary functions f(ζ) and M(r). In the case of h(ζ) = Cζα, they are represented as
f(ζ) = Const. × ζ1+α/2 and M(r) = Const.× r−2/(2+α).
Proposition 6. Assume h(∞) =∞. Then for any compact set E ⊂ D,
lim
t↓0
sup
(w,ϕ,s)∈E
|Vt(w, ϕ, s; u)− u(w, ϕ, s)| = 0.
Proof. Take any t ∈ (0, 1). Let Sˆt = s exp
(
−
∫ t
0
g(ζv)dv
)
and (Wr, ϕr, Sr)0≤r≤t = Ξt(w, ϕ, s; (ζr)r).
Then we have
Vt(w, ϕ, s; u)− u(w, ϕ, s) ≤ sup
(ζr)r∈At(ϕ)
∣∣∣E[u(Wt, ϕt, St)]− E[u(w, ϕt, Sˆt)]∣∣∣ (8.7)
by the relations ϕt ≤ ϕ and Sˆt ≤ s. Using Lemma 9, the Burkholder–Davis–Gundy inequality
and the Ho¨lder inequality, we have E[|St − Sˆt|] ≤ C0st1/2 and
E[|Wt − w|] ≤ sE
[ ∫ t
0
exp
(
−
∫ r
0
g(ζv)dv
)
ζrdr
]
+ E
[ ∫ t
0
|Sr − Sˆr|ζrdr
]
≤ sφ(t) + C0Φ0st1/2
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for some C0 > 0 independent of t, w, ϕ, s and (ζr)r. Then, by (8.7) and Lemma 2, we get
lim sup
t↓0
sup
(w,ϕ,s)∈E
(Vt(w, ϕ, s; u) − u(w, ϕ, s)) ≤ 0. The inequality lim sup
t↓0
sup
(w,ϕ,s)∈E
(u(w, ϕ, s) −
Vt(w, ϕ, s; u)) ≤ 0 is obtained by Lemma 7. This yields the assertion. 
Next we consider the case of h(∞) <∞.
Proposition 7. Assume h(∞) <∞. Then for any compact set E ⊂ D
lim sup
t↓0
sup
(w,ϕ,s)∈E
(Vt(w, ϕ, s; u)− Ju(w, ϕ, s)) ≤ 0.
Proof. Fix t ∈ (0, 1) and (ζr)0≤r≤t ∈ At(ϕ). Let (Wr, ϕr, Xr)0≤r≤t = ΞXt (w, ϕ, s; (ζr)r). We
easily have
lim
t↓0
sup
(w,ϕ,s)∈E
sup
(ζr)r∈At(ϕ)
∣∣∣E[u(Wt, ϕt, St)]
−E
[
u
(
w + s
∫ t
0
e−η˜rζrdr, ϕ− ηt, se−η˜t
)]∣∣∣ = 0 (8.8)
by Lemma 2, where ηr =
∫ r
0
ζvdv and η˜r =
∫ r
0
g(ζv)dv. Now we define
ηˆr = 1(0,t](r)
∫ ηr
0
h(ζ ′/r)dζ ′, wˆt =
∫ ηt
0
exp
(
−
∫ p
0
h(ζ ′/t)dζ ′
)
dp.
Since g(ζ) is convex, the Jensen inequality implies η˜r ≥ rg(ηr/r) = ηˆr and
wˆt ≥
∫ t
0
exp
(
−
∫ ηr
0
h(ζ ′/r)dζ ′
)
ζrdr ≥
∫ t
0
e−η˜rζrdr
for r ∈ (0, t]. Moreover, h(ζ) is non-decreasing in ζ and so is u(w, ϕ, s) in w. Thus we get
E
[
u
(
w + s
∫ t
0
e−η˜rζrdr, ϕ− ηt, se−η˜t
)]
≤ E[u(w + swˆt, ϕ− ηt, se−ηˆt)]
for any (ζr)r ∈ At(ϕ). By this inequality and (8.8), we get
lim sup
t↓0
sup
(w,ϕ,s)∈E
(
Vt(w, ϕ, s; u)
− sup
(ζr)r∈At(ϕ)
E[u(w + swˆt, ϕ− ηt, se−ηˆt)]
) ≤ 0. (8.9)
Next let us define
ε˜t =
∫ Φ0
0
(h(∞)− h(ζ/t))dζ, F (ψ) =
∫ ψ
0
e−h(∞)pdp. (8.10)
Then we have |e−ηˆt−e−h(∞)ηt | ≤ 4ε˜t and |wˆt−F (ηt)| ≤ 4Φ0ε˜t. Since the dominated convergence
theorem implies ε˜t −→ 0 as t ↓ 0, Lemma 2 then gives us
lim
t↓0
sup
(w,ϕ,s)∈E
sup
(ζr)r∈At(ϕ)
∣∣E[u(w + swˆt, ϕ− ηt, s exp(−ηˆt))]
−E[u(w + F (ηt)s, ϕ− ηt, se−h(∞)ηt)]
∣∣ = 0.
By this and (8.9), we get the assertion. 
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Proposition 8. Assume h(∞) <∞. Then for any compact set E ⊂ D,
lim sup
t↓0
sup
(w,ϕ,s)∈E
(Ju(w, ϕ, s)− Vt(w, ϕ, s; u)) ≤ 0.
Proof. Suppose t ∈ (0, 1). For any (w, ϕ, s) ∈ E, fix a ψ ∈ [0, ϕ] and define (ζr)0≤r≤t ∈ At(ϕ)
by ζr = ψ/t and (Wr, ϕr, Sr)0≤r≤t = Ξt(w, ϕ, s; (ζr)r). Similarly to the proof of Proposition 7,
we get
lim
t↓0
sup
(w,ϕ,s)∈E
sup
ψ∈[0,ϕ]
∣∣u(w + F (ψ)s, ϕ− ψ, se−h(∞)ψ)− E[u(Wt, ϕt, St)]∣∣ = 0,
which implies our assertion. 
Finally, we consider the continuity with respect to t ∈ (0, 1].
Proposition 9. For any compact set E ⊂ D,
(i) lim
t′↑t
sup
(w,ϕ,s)∈E
|Vt′(w, ϕ, s; u)− Vt(w, ϕ, s; u)| = 0, t ∈ (0, 1],
(ii) lim
t′↓t
sup
(w,ϕ,s)∈E
|Vt′(w, ϕ, s; u)− Vt(w, ϕ, s; u)| = 0, t ∈ (0, 1).
Proof. Lemma 7 implies
lim sup
t′↑t
sup
(w,ϕ,s)∈E
(Vt′(w, ϕ, s; u)− Vt(w, ϕ, s; u)) ≤ 0.
By the following uniform convergence (which is given by Dini’s theorem)
lim
L→∞
sup
(w,ϕ,s)∈E
|V Lt (w, ϕ, s; u)− Vt(w, ϕ, s; u)| = 0
and Lemma 8, we have
lim sup
t′↑t
sup
(w,ϕ,s)∈E
(Vt(w, ϕ, s; u)− Vt′(w, ϕ, s; u)) ≤ 0.
This gives assertion (i).
Next we check (ii). If h(∞) =∞, this assertion holds by Proposition 6 and Theorem 2, so
we may assume h(∞) <∞.
By Propositions 7–8 and Theorem 2, we get
lim
t′↓t
sup
(w,ϕ,s)∈E
|Vt′(w, ϕ, s; u)− JVt(w, ϕ, s; u)| = 0,
and obviously Vt(w, ϕ, s; u) ≤ JVt(w, ϕ, s; u). So, it suffices to show
JVt(w, ϕ, s; u) ≤ Vt(w, ϕ, s; u), t > 0. (8.11)
Fix a ψ ∈ [0, ϕ] and a (ζr)0≤r≤t ∈ At(ϕ − ψ). Let δ ∈ (0, t) and define (ζ˜r)0≤r≤t ∈ At(ϕ)
by ζ˜r = (ψ/δ)1[0,δ](r) + ζr. Put (Wr, ϕr, Xr)0≤r≤t = ΞXt (w + F (ψ)s, ϕ − ψ, se−h(∞)ψ; (ζr)r)
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and (W˜r, ϕ˜r, X˜r)0≤r≤t = ΞXt (w, ϕ, s; (ζ˜r)r), where F (ψ) is given by (8.10). Then we have for
r ∈ [δ, t]
X˜r −Xr =
∫ r
0
(σ(X˜v)− σ(Xv))dBv +
∫ r
0
(b(X˜v)− b(Xv))dv + eδ,
where
eδ = h(∞)ψ −
∫ δ
0
(g(ζ˜v)− g(ζv))dv = 1
δ
∫ δ
0
∫ ψ
0
(
h(∞)− h
(
ζ ′
δ
+ ζv
))
dζ ′dv.
Using the Burkholder–Davis–Gundy inequality and the Ho¨lder inequality, we get
E[ sup
v∈[δ,r]
|X˜v −Xv|2] ≤ C0
{∫ r
δ
E[ sup
v′∈[δ,v]
|X˜v′ −Xv′ |2]dv + δ + E[eδ]
}
, r ∈ [δ, t]
for some C0 > 0 depending only on b, σ and E. Since E[eδ] ≤ ε˜δ −→ 0 as δ → 0, where ε˜δ is
given by (8.10), we get E[ sup
r∈[δ,t]
|X˜r−Xr|2] −→ 0: therefore, E[ sup
r∈[0,t]
| exp(X˜r)−exp(Xr)|] −→ 0
as δ → 0 by the above inequality and the Gronwall inequality. Moreover, by these conver-
gences, the boundedness of (ζr(ω))r,ω, and Lemma 3, we can show the convergence E[|W˜t −
Wt|] −→ 0 as δ → 0. Now we can apply Lemma 2 to obtain
lim
δ→0
∣∣E[u(Wt, ϕt, exp(Xt))]− E[u(W˜t, ϕ˜t, exp(X˜t))]∣∣ = 0. (8.12)
By (8.12), we easily get E[(Wt, ϕt, exp(Xt))] ≤ Vt(w, ϕ, s; u). Since (ζr)r ∈ At(ϕ − ψ) was
arbitrary, and ψ ∈ [0, ϕ] was also arbitrary, we get (8.11). 
Using Propositions 6–9 and Vt(· ; u) ∈ C, we complete the proof of Theorem 1.
8.5 Proof of Proposition 1
Fix t ∈ (0, 1] and (w, ϕ, s) ∈ Uˆ . First, we will show that Vt(w, ϕ, s; u) > U(w). Define
(ζ¯r)r ∈ At(ϕ) by ζ¯r = ϕ/t, r ∈ [0, t] and let (W¯r, ϕ¯r, S¯r)r = Ξt(w, ϕ, s; (ζ¯r)r). Then, by the
definition of Vt(w, ϕ, s; u), the boundedness of b and σ, [C1], and the Jensen inequality, we can
easily observe
Vt(w, ϕ, s; u)− U(w) ≥ δϕ
t
∫ t
0
E[S¯r]dr ≥ δϕse−(K+g(ϕ/t))t > 0
for some K > 0. Here we denote δˆ = Vt(w, ϕ, s; u)− U(w) > 0 for brevity.
Next, fix any ε ∈ (0, 1) and η ∈ (0, δˆ/2). Then there exists (ζr)r ∈ At(ϕ) such that
Vt(w, ϕ, s; u) < E[U(Wt)] + η, (8.13)
where (Wr, ϕr, Sr)r = Ξt(w, ϕ, s; (ζr)r) (which depends on η, whereas is independent of ε).
Put (W˜r, ϕ˜r, S˜r)r = Ξt(w, ϕ, s + ε; (ζr)r) (note that W˜r ≥ Wr, S˜r ≥ Sr and ϕ˜r = ϕr.) Then
we have
Vt(w, ϕ, s+ ε; u)− Vt(w, ϕ, s; u) ≥ εδ E
[∫ t
0
ζrA
ε
rdr
]
− η (8.14)
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by [C1] and (8.13), where Aεr = (S˜r − Sr)/ε. Here, we will show that (Aεr)r converges to a
process (Ar)r in the following sense:
E
[∫ t
0
ζr|Aεr −Ar|dr
]
−→ 0, ε→ 0, (8.15)
and (Ar)r is given by Ar = SrLr/s, where (Lr)r is the solution of the SDE{
dLr = b
′(Xr)Lrdr + σ′(Xr)LrdBr, r > 0,
L0 = 1.
Note that existence and uniqueness of the above SDE are guaranteed by [C2]. Moreover, Ito’s
formula implies that Lr = exp(Λr) > 0, where
Λr =
∫ r
0
{
b′(Xv)− 1
2
σ′(Xv)
}
dv +
∫ r
0
σ′(Xv)dBv.
Define Xr = log Sr, X˜r = log S˜r and L
ε
r = s(X˜r − Xr)/ε. By using SrLεr ≤ sAε ≤ S˜rLεr
and S˜r ≤ Zˆ(s+ 1), we can get
E
[∫ t
0
ζr|Aεr −Ar|dr
]
≤ ϕ
s
{
E[Zˆ(s+ 1)
2]1/2 E
[
sup
0≤r≤t
|Lεr − Lr|2
]1/2
+E
[
sup
0≤r≤t
|S˜r − Sr|2
]1/2
E
[
sup
0≤r≤t
|Lr|2
]1/2}
. (8.16)
Now we consider the limit of the right side of (8.16) as ε → 0. By [C2], Lemmas 1, 4,
Theorem 2.5.9 in [24] and the inequality
|ex − ey| ≤
∫ 1
0
erxe(1−r)ydv|x− y| ≤ (ex + 1)(ey + 1)|x− y|, (8.17)
we have
E
[
sup
0≤r≤t
|S˜r − Sr|2
]
≤ 4 E[Zˆ(s+ 1)4]1/2 E[ sup
0≤r≤t
|X˜r −Xr|4]1/2 ≤ K ′ε2 (8.18)
for some K ′ > 0 depending only on s, b and σ.
Here, we denote by X(·; x0, (ζ˜r)r) the solution of (2.3), given (ζ˜r)r ∈ At(ϕ). Then, similarly
to Theorem 4.6.5 in [25], by [C2] and Theorem 2.5.9 in [24], we can show that the process
(∂X/∂x)(·; x, (ζ˜r)r) exists for each x ∈ R, that (∂X/∂x)(r; log s, (ζr)r) = Lr, and that the
following convergence holds for each x:
sup
(ζ˜r)r∈At(ϕ)
E

 sup
0≤r≤1
∣∣∣∣∣X(r; x+ ε, (ζ˜r)r)−X(r; x, (ζ˜r)r)ε − ∂∂xX(r; x, (ζ˜r)r)
∣∣∣∣∣
2


−→ 0, ε→ 0. (8.19)
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By (8.19) and a standard calculation, we can show that E
[
sup
0≤r≤1
|Lεr − Lr|2
]
converges to zero
as ε→ 0. By combining this with (8.16) and (8.18), we obtain (8.15). Here, we stress that, by
using (8.19) and Theorem 2.5.9 in [24] again, we can generalise (8.15) to the following sharper
estimation:
c(ε) = sup
(ζ˜r)r∈At(ϕ)
E
[∫ t
0
ζ˜r|Aεr(ζ˜)− Ar(ζ˜)|dr
]
−→ 0, ε→ 0, (8.20)
where Aεr(ζ˜) and Ar(ζ˜) are defined for each (ζ˜r)r in a way similar to the definitions of A
ε
r and
Ar. We omit a detailed proof of (8.20).
Next, set δ˜ = δ˜(η) = E[Wt]−w (recall thatWt denotes the cash holdings satisfying (8.13)).
By [C1], the function U has the inverse function U−1 which is also continuously differentiable
and (U−1)′(y) = 1/U ′(U−1(y)) ∈ (0, 1/δ), y ∈ {U(w) ; w ∈ R}. Note that U−1 is strictly
increasing and (U−1)′ is non-decreasing because U is concave. Here, applying the Jensen
inequality, we have
δ˜ ≥ U−1(E[U(Wt)])− U−1(U(w)) > U−1(Vt(w, ϕ, s; u)− η)− U−1(U(w))
=
∫ 1
0
(U−1)′
(
U(w) + k(δˆ − η)
)
dk(δˆ − η) > δ¯, (8.21)
where δˆ is defined at the end of Step 1 and δ¯ = δˆ/(2U ′(w)) > 0. Note that δ¯ is independent
of η. By (8.14), (8.20) and (8.21), we get
Vt(w, ϕ, s+ ε; u)− Vt(w, ϕ, s; u)
ε
≥ −δc(ε) + δδ˜
s
∫
[0,T ]×Ω
eΛr(ω)ν(dr, dω)− η
ε
,
(8.22)
where ν(dr, dω) = δ˜−1ζr(ω)Sr(ω)drP (dω) is the probability measure on ([0, t]×Ω,B([0, t])⊗F).
We can apply the Jensen inequality to obtain∫
[0,t]×Ω
eΛr(ω)ν(dr, dω) ≥ exp
(
1
δ˜
E
[∫ t
0
ζrSrΛrdr
])
. (8.23)
Using [C2], the relation (ζr)r ∈ At(ϕ), Lemma 1, the definition of (Λr)r, the Ho¨lder inequality
and the Burkholder–Davis–Gundy inequality, we have∣∣∣∣E
[∫ t
0
ζrSrΛrdr
]∣∣∣∣ ≤ ϕE
[
sup
0≤r≤t
|Λr|2
]1/2
E[Zˆ(s)
2]1/2 ≤ K ′′ϕ (8.24)
for some K ′′ > 0 which depends only on t, s, b′ and σ′. By (8.21)–(8.24), we get
Vt(w, ϕ, s+ ε; u)− Vt(w, ϕ, s; u)
ε
≥ −δc(ε) + δδ¯
s
e−K
′′ϕ/δ¯ − η
ε
.
Letting η → 0 and then taking lim inf
ε→0
, we see from (8.20) that the left side of (3.4) has the
lower bound δδ¯e−K
′′ϕ/δ¯/s > 0. This completes the proof. 
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8.6 Proof of Theorem 3
In Sections 8.6 and 8.7 we assume that h is strictly increasing and h(∞) = ∞. First we
consider the characterisation of V Lt (w, ϕ, s; u) as the viscosity solution of the corresponding
HJB. We define a function FL : S −→ R by
FL(z, p,X) = − sup
0≤ζ≤L
{
1
2
σˆ(zs)
2Xss + bˆ(zs)ps + ζ (zspw − pϕ)− g(ζ)zsps
}
.
Proposition 10. Assume h(∞) =∞. Then, for any u ∈ C, the function V Lt (w, ϕ, s; u) is the
viscosity solution of
∂
∂t
v + FL(z,Dv,D2v) = 0 on (0, 1]× Uˆ . (8.25)
Since the control region [0, L] is compact, we obtain Proposition 10 using (8.3) and the
standard arguments of the Bellman principle and HJB (see Theorem 5.4.1 in [29]).
Next we treat HJB (3.2). Let U = {(z, p,X) ∈ S ; F (z, p,X) > −∞}. A direct
calculation proves the next proposition.
Proposition 11. For (z, p,X) ∈ U ,
F (z, p,X) = −1
2
σˆ(zs)
2Xss − bˆ(zs)ps
−max {ζ∗(z, p) (zspw − pϕ)− g(ζ∗(z, p))zsps, 0} ,
where ζ∗(z, p) = h−1
(
zspw − pϕ
zsps
∨ h(0)
)
1{ps>0}. In particular, F is continuous on U .
Now we prove Theorem 3. We define an open set R = Uˆ × (R2× (0,∞))×S3 ⊂ U . Since
F is continuous on R and FL converges to F monotonically, we see that this convergence is
uniform on any compact set in R, by Dini’s theorem. Similarly, using Dini’s theorem again,
we see that V L converges to V uniformly on any compact set in [0, 1]× Dˆ. Moreover, we note
that if we take vˆ ∈ C1,2((0, 1]× Uˆ) such that V − vˆ has 0 as a local maximum at (t, z), then
(3.4) implies (∂vˆ/∂zs)(t, z) > 0 and (z,Dvˆ(t, z),D2vˆ(t, z)) ∈ R. Then the same arguments as
in the proof of Lemma 5.7.1 in [29] lead us to the assertion. 
8.7 Proof of Theorem 4
First we remark that Lemma 5 implies that Vt(w, ϕ, s; u) grows polynomially in w, ϕ and
s.
Let U˜ ⊂ Uˆ be open and bounded. Let P2,±
(0,1]×U˜ be parabolic variants of semijets and
P
2,±
(0,1]×U˜ be their closures (see [8]). For any λ > 0, we define Fλ(z, r, p,X) = λr + F (z, p,X).
We see that the following are equivalent.
(a.) A function v is a viscosity subsolution (resp. supersolution) of (3.2),
(b.) A function vλ(t, z) = e
−λtv(t, z) is a viscosity subsolution (resp. supersolution) of
∂
∂t
v + Fλ(z, v,Dv,D2v) = 0. (8.26)
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The same proof as Proposition 2.6 in [23] gives the following lemma:
Lemma 10. Suppose v is a viscosity subsolution (resp., supersolution) of (8.26). Then
a+ Fλ(z, v(t, z), p,X) ≤ 0 (resp., ≥ 0)
for any (t, a, z, p,X) ∈ (0, 1]×R×U˜×R3×S3 with (a, p,X) ∈ P2,+(0,1]×U˜v(t, z) (resp., (a, p,X) ∈
P
2,−
(0,1]×U˜v(t, z)).
In particular, we note that
P
2,−
(0,1]×U˜v(t, z) ⊂ R× {(p,X) ; Fλ(z, v(t, z), p,X) > −∞}
= R× {(p,X) ; F (z, p,X) > −∞} (8.27)
when v is a viscosity supersolution of (8.26). Now we consider the comparison principle on a
bounded domain.
Proposition 12. Suppose v (resp., v′) is a viscosity subsolution (resp., supersolution) of
(8.26) on (0, 1] × U˜ . Moreover suppose v(0, z) ≤ v′(0, z) for z ∈ U˜ and v ≤ 0 ≤ v′ on
(0, 1]× ∂U˜ . Then v ≤ v′ on [0, 1]× U˜ .
By (8.27) and Theorem 8.12 in [8], we see that to prove Proposition 12 it suffices to show
the following Proposition 13.
Proposition 13. The function Fλ satisfies
Fλ(z
′, r, α(z − z′), Y )− Fλ(z, r, α(z − z′), X) ≤ ρ
(
α|z − z′|2 + |z − z′|)
for λ > 0, α > 1, r ∈ R, z, z′ ∈ U˜ , X, Y ∈ S3 with F (z′, α(z − z′), Y ) > −∞ and
− 3α
(
I O
O I
)
≤
(
X O
O −Y
)
≤ 3α
(
I −I
−I I
)
, (8.28)
where I ∈ R3 ⊗ R3 denotes the unit matrix and ρ : [0,∞) −→ [0,∞) is a continuous function
with ρ(0) = 0.
Proof. Note that F (z′, α(z − z′), Y ) > −∞ implies (z′, α(z − z′), Y ) ∈ U , and thus either (i)
zs > z
′
s or (ii) zs = z
′
s and z
′
s(zw−z′w)−(zϕ−z′ϕ) ≤ 0. In either case, we have F (z, α(z−z′), X) >
−∞ and
Fλ(z
′, r, α(z − z′), Y )− Fλ(z, r, α(z − z′), X)
= F (z′, α(z − z′), Y )− F (z, α(z − z′), X)
≤ 1
2
(σˆ2(zs)Xss − σˆ2(z′s)Yss) + |bˆ(zs)− bˆ(z′s)|α|zs − z′s|
+α sup
ζ≥0
{−(zs − z′s)2g(ζ) + (zs − z′s)(zw − z′w)ζ} . (8.29)
Since (8.28) implies
σˆ2(zs)Xss − σˆ2(z′s)Yss ≤ 3α(σˆ(zs)− σˆ(z′s))2
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and σˆ and bˆ are both Lipschitz continuous and demonstrate linear growth, we have
1
2
(σˆ2(zs)Xss − σˆ2(z′s)Yss) + |bˆ(zs)− bˆ(z′s)|α|zs − z′s| ≤ C0α|zs − z′s|2
for some C0 > 0.
Next we estimate the last term of the right side of (8.29). If zs = z
′
s, it is obvious that this
term is equal to zero, so we consider the case zs > z
′
s. Since lim inf
ζ→∞
(h(ζ)/ζ) > 0, we see that
there exist β > 0 and ζ0 > 0 such that g(ζ) ≥ βζ2 for any ζ ≥ ζ0. Thus
sup
ζ≥0
{−(zs − z′s)2g(ζ) + (zs − z′s)(zw − z′w)ζ}
≤ (g(ζ0) + ζ0)|z − z′|2 + sup
ζ≥0
{−(zs − z′s)2βζ2 + (zs − z′s)(zw − z′w)ζ}
≤ (g(ζ0) + ζ0)|z − z′|2 + |zw − z′w|
(
zw − z′w
2β
∨ 0
)
≤ C1|z − z′|2
for some C1 > 0. Thus we obtain the assertion. 
Now we present a proposition that includes the assertion of Theorem 4.
Proposition 14. Let v (resp., v′) be functions such that
|v(t, z)|+ |v′(t, z)| ≤ C(1 + z2w + z2ϕ + z2s )m, (t, z) ∈ [0, 1]× Dˆ
for some C,m > 0. Suppose that v (resp., v′) is a viscosity subsolution (resp., supersolution)
of (3.2) on (0, 1]× Dˆ. Suppose further that v and v′ satisfy (3.5). Then v ≤ v′ on [0, 1]× Dˆ.
Proof. Let q(z) = (1+z2w+z
2
ϕ+z
2
s )
m+1. By the similar arguments as in the proof of Proposition
13, we have
|F (z,Dq(z),D2q(z))| ≤ C0q(z), z ∈ Dˆ
for some C0 > 0. Let λ > C0 and fix a value of ε > 0. We define v¯(t, z) = e
−λtv(t, z)− εq(z)
and v¯′(t, z) = e−λtv′(t, z) + εq(z). Then there exists an Rε > 0 such that v¯ < 0 < v¯
′ holds
on [0, 1]× {|z| ≥ Rε}. By a straightforward calculation, we see that v¯ (resp. v¯′) is a viscosity
subsolution (resp. supersolution) of (8.26). Thus Proposition 12 implies v¯ ≤ v¯′ on [0, 1]× Dˆ.
Since ε > 0 was arbitrary, we obtain the assertion. 
8.8 Proof of Theorem 1
We divide the proof of Theorem 1 into the following two propositions:
Proposition 15. lim sup
n→∞
V n[nt](w, ϕ, s; u) ≤ Vt(w, ϕ, s; u).
Proposition 16. lim inf
n→∞
V n[nt](w, ϕ, s; u) ≥ Vt(w, ϕ, s; u).
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Proof of Proposition 15. For brevity, we suppose t = 1. For u′ ∈ C and (w′, ϕ′, s′) ∈ D, let
ψˆn(w
′, ϕ′, s′; u′) be an optimal strategy for the value function V n1 (w
′, ϕ′, s′; u′). By Propo-
sition 7.33 in [6], we can take ψˆn(w
′, ϕ′, s′; u′) as a measurable function with respect to
(w′, ϕ′, s′). We define (ψnl )
n−1
l=0 ∈ Ann(ϕ) and (W nl , ϕnl , Snl )nl=0 by (W n0 , ϕn0 , Sn0 ) = (w, ϕ, s),
ψnl = ψˆn(W
n
l , ϕ
n
l , S
n
l ;V
n
n−l−1(·; u)) ∧ ϕnl , (7.1)–(7.2) inductively in l and let Xnl = logSnl .
Note that (ψnl )l is optimal, i.e., V
n
n (w, ϕ, s; u) = E[u(W
n
n , ϕ
n
n, S
n
n)]. We also define a strategy
(ζr)0≤r≤1 by ζr = nψn[nr]. Then (ζr)r ∈ A1(ϕ). Let (Wr, ϕr, Xr)0≤r≤1 = ΞX1 (w, ϕ, s; (ζr)r).
Step 1. First we show that there is a constant C∗ > 0 and a sequence (c∗n)n∈N ⊂ (0,∞) with
c∗n/n −→ 0 as n→∞ such that
gn(ψ
n
l ) ≤ C∗ ∧ (c∗nψnl ), l = 0, . . . , n− 1.
If h(∞) < ∞, the assertion is obvious. So we may assume h(∞) = ∞. Let pn(ψ) =
ψe−gn(ψ) for ψ ∈ [0,Φ0]. This function implies the proceeds of liquidating ψ shares of the
security of the price 1. The main intuition behind the following argument is that MI for a
large sale is so large that larger sales result in smaller proceeds, that is, pn(ψ) is not increasing
with respect to ψ, thus the optimal liquidation volumes at each time cannot become so large
(for a typical example, when gn(ψ) = nαψ
2 with α > 0, the optimal volumes are smaller than
1/
√
2αn).
We can easily see that
d
dψ
pn(ψ) = e
−gn(ψ)(1 − fn(ψ)), where fn(ψ) = ψ d
dψ
gn(ψ). So the
first-order condition
d
dψ
pn(ψ) = 0 is equivalent to fn(ψ) = 1. Let An = {ψ ∈ (0,Φ0] ; fn(ψ) =
1}. By [A] and the assumption h(∞) = ∞, we see that An is not empty and the function
pn(ψ) has a maximum at one of the points in An for sufficiently large n. We denote by ψ
∗
n a
point at which pn(ψ) has a maximum.
We see that pn(ψ) ≤ pn(ψ∗n) for ψ ∈ (ψ∗n,Φ0] and that Lemma 4 implies that Y (t; r, x −
gn(ψ)) is non-increasing with respect to ψ. Moreover the function u(w, ϕ, s) is non-decreasing
in (w, ϕ, s). Thus ψˆn(w, ϕ, s; u) ≤ ψ∗n holds for large n. Then, by the definition of ψnl , we get
ψnl ≤ ψ∗n, l = 0, . . . , n− 1 and n > n0 (8.30)
for some n0 ∈ N. Moreover, [A] implies
nψ∗n −→∞, n→∞. (8.31)
Indeed, if (8.31) does not hold, there is a constant M > 0 and a subsequence (nk)k ⊂ N such
that nkψ
∗
nk
≤M . Then
nk = nkfnk(ψ
∗
nk
) ≤ nkψ∗nk(h(nkψ∗nk) + ε′nk) ≤M(h(M) + ε′nk)
for any k, where ε′n = sup
ψ
∣∣∣∣dgndψ (ψ)− h(nψ)
∣∣∣∣. This is a contradiction.
Since h(ζ) is non-decreasing and fn(ψ
∗
n) = 1, we have
gn(ψ) ≤
( 1
ψ∗n
+ 2ε′n
)
ψ, ψ ∈ [0, ψ∗n] (8.32)
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for any n ∈ N. By (8.30)–(8.32), we have the assertion by letting
C∗ = max
n≤n0
gn(Φ0) + 1 + 2Φ0 sup
n
ε′n, c
∗
n =
1
ψ∗n
+ 2ε′n.
Step 2. In this step we will show that
lim
n→∞E
[ max
k=0,...,n
|Xnk −Xk/n|2] = 0. (8.33)
We define X˜nr , r ∈ [0, 1], by
X˜nr = Y
(
r;
k
n
,Xnk − gn(ψnk )
)
, r ∈
(k
n
,
k + 1
n
]
(8.34)
and X˜n0 = log s. Then we see that X˜
n
k/n = X
n
k for each k = 0, . . . , n and that X˜
n
r satisfies
X˜nr = log s+
∫ r
0
σ(X˜nv )dBv +
∫ r
0
b(X˜nv )dv −
⌈nr⌉−1∑
k=0
gn(ψ
n
k ),
where ⌈·⌉ is the ceiling function and
−1∑
k=0
gn(ψ
n
k ) = 0.
Let ∆nr = E
[
max
{
|X˜nr′ −Xr′|2 ; r′ = 0,
1
n
, . . . ,
[nr]
n
, r
}]
. We have
∣∣∣ ⌈nr
′⌉−1∑
k=0
gn(ψ
n
k )−
∫ r′
0
g(ζv)dv
∣∣∣ ≤ n−1∑
k=0
∣∣∣gn(ψnk )− 1ng(nψnk )
∣∣∣+ dn(r)gn(ψn[nr]) (8.35)
for r′ = 0, 1/n, . . . , [nr]/n, r, where dn(r) = ⌈nr⌉ − nr. By Step 1, (8.35) and standard
arguments using the Burkholder–Davis–Gundy inequality and the Ho¨lder inequality, we can
show that
∆nr ≤ C0
{
γn(r) + E
[∫ r
0
|X˜v −Xv|2dv
]}
≤ C0
{
γn(r) +
∫ r
0
∆nvdv
}
for some constant C0 > 0, where γn(r) = Φ
2
0ε
2
n+C
∗c∗ndn(r)
2
E[ψ
n
[nr]] and εn is defined by (7.5).
Now the generalised Gronwall inequality (see Lemma 10.5.1.3 in [11] for instance) implies
∆nr ≤ C0γn(r) + C20
∫ r
0
γn(v)e
C0(r−v)dv.
Since 0 ≤ dn(v) ≤ 1 for v ∈ [0, 1] and dn(1) = 0, we have
E[ max
k=0,...,n
|Xnk −Xk/n|2] = ∆n1 ≤ C1
{
Φ20ε
2
n +
Φ0C
∗c∗n
n
}
(8.36)
for some C1 > 0. By (7.5) and the assertion of Step 1, the right side of (8.36) tends to zero as
n→∞. Then we have (8.33).
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Step 3. Let W˜ nn = w +
n−1∑
l=0
∫ (l+1)/n
l/n
nψnl exp(X
n
l − (nr − l)gn(ψnl ))dr. From (8.17), it follows
that
|W˜ nn −W1| ≤ Φ0(Zˆ(s) + 1)2In, (8.37)
where
In = max
l=0,...,n−1
sup
r∈[l/n,(l+1)/n]
|Xnl − (nr − l)gn(ψnl )−Xr|.
By Lemma 3 and a straightforward calculation, we have
E[I
2
n]
1/2 ≤ C0
n1/4
+ E[ max
k=0,...,n
|Xnk −Xk/n|2]1/2 + Φ0εn (8.38)
for some C0 > 0. From (8.33), (8.37), and Lemma 1, we get the convergence E[|W˜ nn−W1|] −→ 0
as n → ∞. On the other hand, (8.17), (8.33), and Lemma 1 yield E[|Snn − exp(X1)|] −→ 0.
Therefore, we can apply Lemma 2 to obtain
lim
n→∞
∣∣E[u(W˜ nn , ϕnn, Snn)]− E[u(W1, ϕ1, exp(X1))]∣∣ = 0. (8.39)
Since (ψnl )l is optimal, u is non-decreasing in w, and W˜
n
n ≥W nn , we have
V nn (w, ϕ, s; u)− V1(w, ϕ, s; u) ≤ E[u(W˜ nn , ϕnn, Snn)]− E[u(W1, ϕ1, exp(X1))]. (8.40)
Now the assertion of Proposition 15 is given by (8.39) and (8.40). 
Proof of Proposition 16. Again we suppose t = 1. Take any (ζr)0≤r≤1 ∈ A1(ϕ) and let ψnl =∫ l/n
((l−1)/n)∨0
ζrdr, where a∨b = max{a, b}. Then we have (ψnl )l ∈ Ann(ϕ). Let (Wr, ϕr, Xr)0≤r≤1 =
ΞX1 (w, ϕ, s; (ζr)r) and (W
n
l , ϕ
n
l , S
n
l )
n
l=0 = Ξ
n
n(w, ϕ, s; (ψ
n
l )l). Put X
n
l = logS
n
l . By arguments
similar to those used in the proof of Proposition 15 and Lebesgue’s differentiation theorem,
we get E[ max
k=0,...,n
|Xnk −Xk/n|2] −→ 0 as n→∞, which also implies E[|Snn − exp(X1)|] −→ 0.
Next, let Wˆ n1 = w+
n−1∑
l=0
ψnl n
∫ (l+1)/n
l/n
exp(Xr)dr. By a straightforward calculation, we have
E[|Wˆ n1 −W1|] ≤ C0
{
Φ0I˜n +Kn + n
−1
}
for some C0 > 0 depending only on b, σ, (ζr)r and s,
where
I˜n = E[ sup
v∈[0,1−1/n]
|Xv+1/n −Xv|2]1/2,
Kn =
(∫ 1
0
E[|Hn(r)|2]dr
)1/2
, Hn(r) = n
∫ ([nr]+1)/n
[nr]/n
ζvdv − ζr.
Lebesgue’s differentiation theorem and the dominated convergence theorem imply Kn −→ 0.
From sup
r,ω
ζr(ω) < ∞ and Lemma 3, we can easily show that I˜n −→ 0. Then we obtain
E[|Wˆ n1 − W1|] −→ 0. On the other hand, a similar calculation to Step 2 of the proof of
Proposition 15 implies E[|W nn − Wˆ n1 |] −→ 0. Thus E[|W nn −W n1 |] −→ 0 converges. Then we
can apply Lemma 2 and we get
E[u(W1, ϕ1, exp(X1))] = lim
n→∞E
[u(W nn , ϕ
n
n, S
n
n)] ≤ lim inf
n→∞
V nn (w, ϕ, s; u).
Since (ζr)r ∈ A1(ϕ) is arbitrary, we obtain the assertion. 
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8.9 Proof of Proposition 2
First we introduce the following lemma:
Lemma 11. Under [A] and the assumptions of Section 5, it holds that
V nk (w, ϕ, s; uRN) = w + sf
n
k (ϕ), (8.41)
where fnk is defined by (5.4)–(5.5).
Proof. This lemma is proved by mathematical induction. First, the assertion is obvious when
k = 0. Next, we assume that V nk (w, ϕ, s; uRN) = w + sf
n
k (ϕ) for some k. Then the standard
arguments of the Bellman equation ([6]) imply
V nk+1(w, ϕ, s; uRN) = sup
ψ∈[0,ϕ]
E[V
n
k (w + ψse
−gn(ψ), ϕ− ψ, se−µ/n+σB1/n−gn(ψ))]
= w + s sup
ψ∈[0,ϕ]
{ψe−gn(ψ) + e−µ˜/n−gn(ψ)fnk (ϕ− ψ)}. (8.42)
Now take any ψ ∈ [0, ϕ]. The arguments in the beginning part of the proof of Proposition 15
tell us that fnk (ϕ− ψ) can be written as
fnk (ϕ− ψ) =
k−1∑
l=0
ψˆnl exp
(
−µ˜ × l
n
−
l∑
m=0
gn(ψˆ
n
m)
)
for some (ψˆnl )
k−1
l=0 ∈ An,detk (ϕ− ψ). Then we have
ψe−gn(ψ) + e−µ˜/n−gn(ψ)fnk (ϕ− ψ) ≤ fnk+1(ϕ)
because of ψ +
k−1∑
l=0
ψˆnl ≤ ϕ (note that (ψ, ψˆn0 , . . . , ψˆnk−1) ∈ An,detk+1 (ϕ)). By the above inequality
and (8.42), we get V nk+1(w, ϕ, s; uRN) ≤ w+sfnk+1(ϕ). The opposite inequality is easily obtained
by the relation An,detk (ϕ) ⊂ Ank(ϕ). Then we have V nk+1(w, ϕ, s; uRN) = w + sfnk+1(ϕ), and the
proof is completed. 
Now we prove Proposition 2. Applying Theorem 1 and Lemma 11, we obtain
V nt (w, ϕ, s; uRN) = lim
n→∞
V n[nt](w, ϕ, s; uRN) = w + s lim
n→∞
fn[nt](ϕ) = w + sf(t, ϕ),
which imply the assertion. 
8.10 Proof of Theorem 2
Assertion (i) is directly obtained by (9′)–(12′) in [26]. Now we prove (4.1) under the as-
sumptions of assertion (ii). We can show the inequality V SOt (w, ϕ, s;U) ≥ U
(
w +
1− e−αϕ
α
s
)
by considering strategy (3.1) and letting δ ↓ 0. To see the opposite inequality, it suffices to
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show that V
ϕ
t (w¯, s¯) ≤ U(w¯) for any w¯ and s¯. But this is easily obtained because we have the
inequality
E[U(W¯t)] ≤ U(E[W¯t]) = U
(
w¯ +
∫ t
0
E
[
1− e−αϕ¯r
α
bˆ(S¯re
αϕ¯r)
]
dr
)
≤ U(w¯)
for each (ϕ¯r)r ∈ At(ϕ); This can be proved from the observations that U is concave and
non-decreasing and that bˆ is non-positive. 
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